We consider the one-dimensional two-phase ow through a heterogeneous porous medium. The heterogeneity is due to the spatial variation of the absolute permeability and the porosity. Both these quantities are assumed to be piecewise constant. At interfaces where the rock properties are discontinuous, we derive, by a regularisation technique, conditions to match the values of the saturation on both sides.
Introduction
Capillary forces together with the spatial variation of rock properties in a reservoir generally have a signi cant in uence on the oil recovery e ciency of that reservoir. Large quantities of oil are di cult to remove from the reservoir or may remain trapped 2], 5], 11].
To investigate the trapping and to quantify its e ect we consider in this paper a two-phase wetting/nonwetting uid ow which is directed perpendicular to an interface across which the reservoir has an abrupt change in permeability and porosity. In a simpli ed approach this leads to a one-dimensional ow problem for which we will investigate the role of convection and capillary di usion in relation to the discontinuous rock properties.
In particular we will focus on the conditions to be posed at the interface across which the permeability or porosity is discontinuous. In order to obtain a well-posed problem we have to impose two conditions coupling the values of the saturation, each on one side of the interface. One condition is found from mass conservation across the interface and leads to a continuity requirement for the wetting or nonwetting uid ux. As it turns out, the second condition depends critically on the qualitative behaviour of the capillary pressure p c . It is one of the goals of this paper to derive and formulate this latter condition.
According to Leverett 7] and Bear 1] , the capillary pressure has the explicit form where x denotes a space coordinate perpendicular to the plane of rock discontinuity, and 0 S w 1 the reduced saturation of the wetting uid. Further is the interfacial tension, the rock porosity, k the absolute permeability of rock, and J the Leverett function. As usual we assume that the J -function is strictly decreasing with respect to S w . Now suppose that the rock heterogeneity occurs at x = 0 and is such that w = 1; otherwise use again the continuity of the capillary pressure. It may happen that the heterogeneity is so strong that S = 1 and S = 0. Then no combination of saturations gives continuity of the capillary pressure. The second condition, however, results again from the procedure of connecting horizontal segments as in previous cases. The result is that either S ? w = 1 or (and) S + w = 0. Due to the nature of the second condition, we shall refer to it as the extended pressure condition.
The various forms of the extended pressure condition can be derived by regularisation techniques. One approach could be to regularise a Leverett-J function and to apply pressure continuity to the regularised problem as in Figure 5 , where J is of class II, and to take the appropriate limit. Note that in this approach the regularisation is chosen so as to give a situation as in Figure 1 , where pressure continuity is always possible. In this paper we follow another approach and regularise the heterogeneity. This leads to a boundary layer equation from which the conditions I{IV can be deduced. Yortsos and Chang 12] used a similar regularisation in a problem with a capillary pressure function as in Figure 2 . However, they considered only a steady-state situation and they did not consider the role of the threshold saturation S ; i.e. their data and examples were always chosen so that S ? w > S .
Having derived the appropriate interface conditions, we analyse their implications for one-dimensional two-phase ow problems. In particular we show that trapping of the wetting uid can occur when J is of class II or IV. Similarly, trapping of the nonwetting uid can occur when J is of class III or IV.
Laboratory experiments carried out in the Dietz Laboratory at Delft University of Technology con rm this trapping behaviour 6].
It is well-known for two-phase ow problems that relative permeabilities vanishing at zero (reduced) saturation, lead to the occurrence of free boundaries. These are planes, perpendicular to the x-axis and moving in time, that separate the regions occupied by the wetting uid (S w = 1), the mixture (0 < S w < 1) and the nonwetting uid (S w = 0); see Van Duijn & Floris 10] and Gilding 3] , 4]. We shall investigate how these free boundaries move in time, in particular near a discontinuous heterogeneity.
The paper is organised as follows. In Section 2 we brie y recall the onedimensional ow equations and derive a nonlinear convection-di usion equation for the saturation of the wetting uid. Further we present the analysis leading to the extended pressure condition. In Section 3 we rst treat two speci c ow problems: one is a di usion problem, where redistribution of phases is caused by capillary forces only; the other is a steady-state convection-di usion problem. In particular the second example clearly demonstrates the mechanism of entrapment. To conclude we present a numerical solution for the full time-dependent convection-di usion problem which shows moving free boundaries and trapping of uid. Some speci c details concerning the regularisation, and a general discussion about the qualitative behaviour of the saturation, as well as a description of the numerical method are given in Van Duijn, Molenaar & De Neef 9].
Flow Equations and Interface Conditions
We consider the ow of two immiscible and incompressible phases in a saturated and heterogeneous porous medium. We assume that the heterogeneity of the porous medium, i.e. porosity and permeability k, vary in one direction only, say the x-direction. Further we assume that the uid ow is one-dimensional in that same direction. We characterise the phases by their reduced saturations: S w (saturation of the wetting uid) and S n (saturation of the nonwetting uid), with 0 S w ; S n 1. Since the porous medium is assumed to be saturated we have With respect to the relative permeabilities k rw , k rn we assume throughout this work that k rw is strictly increasing such that k rw (0) = 0 and k rw (1) = 1; k rn is strictly decreasing such that k rn (0) = 1 and k rn (1) = 0.
Note that in cases where k rw (1); k rn (0) 6 = 1, one simply replaces the viscosities w and n by w =k rw (1) and n =k rn (0). This only a ects the mobility ratio M and the capillary number N c .
In the analysis of equation (2.8) we will assume that the permeability and porosity are piecewise constant, i.e. k and satisfy (1.2). In the numerical scheme, however, general piecewise smooth k and are allowed.
Next we turn to the interface conditions. The ux condition is straightforward. Assuming that the time derivative is bounded in (2.8), we integrate this equation in a small neighbourhood of x = 0. This leads to Next we regularise the functions and h. That is, we model the discontinuity in and h as the mathematical idealisation of a physically relevant situation in which a rapid, but smooth, variation in these functions occurs. Let " > 0 denote the regularisation parameters and let^ andĥ be smooth monotone functions satisfying^ (y) = + ,ĥ(y) = h + for y > 1 and^ (y) = ? , h(y) = h ? for y < ?1. Then consider the approximation " (x) =^ (2.14)
In the expression for the ux (2.13) we replace and h by " and h " , and put y = x=". This gives an "-dependent ux of the form This situation is shown in Figure 6 (lower two curves). The analysis for J of classes III or IV is very similar and is therefore omitted. In both cases the results are as described in Section 1 by the extended pressure condition.
Behaviour of Saturation in Heterogeneous Media
In this section we discuss the behaviour of the wetting saturation near a heterogeneity having the idealised form (2.12). We do this for three examples of ow problems. First we consider, for q = 0, the di usion problem in which the redistribution is caused by capillary forces only. This problem is solved by means of a similarity transformation. Next we consider a stationary convection-di usion problem. Because the transport equation is now exactly solvable, this allows for an explicit investigation of the trapping mechanism. Finally we give a numerical solution for the full time-dependent problem. The result shows trapping and free boundaries for a saturation varying in time.
Throughout this section we assume that J is of class II. In the concrete examples of this section we use the following data: Here the free boundaries are given by x = a l p t and x = a r p t. In many cases of practical interest both conditions (3.9) and (3.11) are satis ed. Figure 7 shows the self-similar solution for the data set mentioned before. 
Stationary Convection Di usion Problem
In this example we consider equation (2.8) for a steady saturation, i.e. @u=@t = 0. As a result we nd that the ux is constant in space, leading to the rstorder equation (see (2.13)):
We are interested to obtain non-trivial solutions of this equation in the domain ?1 < x < 1, subject to the boundary conditions u(?1) = u(+1) = 0: (3.14)
These conditions imply that the constant in (3.13) is zero, giving We conclude that a family of non-trivial solutions is possible, corresponding to each 0 < u ? S . All these solutions describe trapping of the wetting uid (remember that J is of class II). They are shown in Figure 8 ( 1 2 ; t) = 0 for all t > 0: (3.24) Unfortunately we are not able to solve this initial-boundary value problem explicitly. However, as described in 9], one can make important observations about the qualitative behaviour of the solution, such as the occurrence of free boundaries, the behaviour of the saturation near the free boundaries and near the heterogeneity, and the large time behaviour. Furthermore, we developed a numerical method that uses the extended pressure condition at the heterogeneity. We conclude by showing the results of computations, see Figure 9 , for which we acknowledge the support of J. Molenaar (DUT). 
